It was reported that, if and only if the specific heat, correlation length, and dynamical exponents α, ν and z, fulfill the condition α−zν > 0, the phase transitions can enable a quantum heat engine to approach Carnot efficiency at finite power. We start our analysis via a different approach in which the effects of interaction and fluctuations on the Hamiltonian of a trapped dilute Bose gas belonging to the same universality as XY model. Based on models of quantum Otto heat engines, we find the general expression of the efficiency which includes the correction due to interaction and fluctuations at the critical point, and show that, near the Bose-Einstein-condensation point with α − zν < 0, energy fluctuations could enable attaintment of the Carnot efficiency with nonvanishing power.
I. INTRODUCTION
There are usually two benchmark parameters used for describing the performance characteristics: the thermodynamic efficiency η = W / Q h , where W is the work input per cycle and Q h is the heat released from the hot reservoir, and the power output P = W /T , with the cycle period T . Ideally, both these two quantities should have large values for excellent engine performance, but there are always power-efficiency trade-off dilemma [1] [2] [3] [4] [7] [8] [9] [10] . Any cyclic heat engine working between a hot reservoir and a cold one of constant temperatures can not run more efficiently than the reversible Carnot heat engine, which, however, runs in infinite time and produces null power. From practical point of view, a heat engine should be working at a finite speed to produce nonvanishing power. Here one naturally rises two issues: (1) the efficiency at maximum power, which was intensively studied in the literature [1, 3, 6, [11] [12] [13] [14] [15] [16] [17] [18] [19] , and (2) the attainable maximum efficiency at positive power [10, 13, [20] [21] [22] [23] [24] [25] [26] . A question about the latter topic is: can the efficiency approach the Carnot value at finite power? This question has been previously discussed [13, [20] [21] [22] [23] within the framework of the linear response regime where the temperatures of two heat reservoirs are close to each other. Recently, Campisi and Fazio in their celebrated work [26] showed that, when a heat engine working with a system whose the critical exponents satisfies the inequality α − zν > 0,
where α, ν, z are the specific heat, correlation length, and dynamical critical exponents, respectively, it can enable attainment of Carnot efficiency at finite power. This result is valid even beyond the linear response regime. But the idea that the manipulable parameter involved in the system Hamiltonian could improve the engine performance, as hinted in [26] , was not considered before. Moreover, it is a general open question why the secondorder phase transition, but only under the condition (1), can lead to the achievement of the Carnot efficiency at nonvanishing power. As we will demonstrate, this condition is not always necessary for the achievement of Carnot efficiency at finite power, and the continuous phase transitions with α − zν ≤ 0 could allow the quantum heat engine to approach Carnot bound with nonvanishing power.
In this paper, we study a quantum version of Otto engine model which was always investigated in the literature [17, 18, [26] [27] [28] [29] [30] and which works at the verge of dilute Bose condensate realized in a series of experiments (see, for example, Refs. [31] [32] [33] ). These heat engines, based on experimentally realizable Bose gases, could be realized in experiments with current technology. We show that its thermodynamic efficiency can approach the Carnot value at finite power when the heat engine works near the phase transition region. Our results show how the manipulable parameter entering the system Hamiltonian increases the efficiency without sacrificing the power per resource. We find that cyclic heat engines, based on the working substance of Bose gases, can achieve the Carnot efficiency at finite power but without requirement of restriction with α − zν < 0.
II. QUANTUM HEAT ENGINE
We consider a dilute Bose gas with a fixed number of particles confined in a threedimensional harmonic trap. The power behavior of the central density n of the system as a function of the extent l of harmonic oscillator ground state can be expressed as n ∼ l −3 , where l = /mω, with m the atomic mass and ω the trapping frequency. The thermal de Broglie wavelength of the atoms at temperature T reads Λ = 2π 2 /mT . Here and hereafter Boltzmann's constant k B ≡ 1 is used. Without loss of generality, the expectation value Ĥ of the Hamiltonian of the weakly interacting Bose system can be written as
where g = 4π 2 a/m denotes the coupling constant between atoms, with a being the s− wave scattering length.
Along an adiabatic process no exchange of heat and particles between the system and its environment happens, such that the thermodynamic entropy S and particle number N of the interacting system is constant. The system entropy S = −Trρ lnρ with the density operatorsρ(β,Ĥ) = exp(−βĤ) Tr exp(−βĤ) remains constant, so the 'parameter' β Ĥ keeps unchanged.
A quantum Otto engine model based on a Bose gas confined in a trap sketched in Fig.   1 . This quantum heat engine, working between the hot and cold reservoirs with constant inverse temperatures β 
system is isolated from the heat reservoir and the trapping frequency is changing between ω h and ω c (< ω h ). Along the hot (cold) thermalization process, the temperature of the system starting from its initial value β A (β C ) relaxes to its asymptotic value [26, 29] , the temperature β r h (β r c ) of the hot (cold) reservoir. From the adiabatic strokes B → C and D → A, we therefore have the relationship between the average quantum energies of the system at the four instants of the cycle:
where, according to Eq. (2),
Here we have used ω A = ω B = ω h and ω C = ω D = ω c , and we should note that β
For an ideal gas confined in a given trap, the Hamiltonian expectation Ĥ = ωf (βω)
indicates that the entropy merely depends on the parameter βω: S = S(βω). Constant entropy S during an adiabatic process leaves βω as well as nΛ 3 unchanged, thereby showing that adiabatically varying ω can impossibly reach Bose-Einstein condensation. However, in the weakly interacting Bose gas adiabatic cooling bring us closer to criticality [33] , since the degeneracy parameter nΛ 3 in the center of the trap changes when changing frequency ω but keeping both particle number N and entropy S constant. The gases with repulsive interactions (a > 0) are repelled from the center of the trap and more atoms are required to acquire the central density of Bose-Einstein condensation, which can explain why interparticle interactions reduces the transition temperature less than the noninteracting gas case. For example, in order to adiabatically cooling the interacting gases, the degeneracy parameter nΛ 3 must be increased by adiabatically ramping down the frequency and lowering the density of the gas. As a result, adiabatically ramping up (down) trapping frequency ω results into a decrease (increase) in the degeneracy parameter nΛ 3 and thus βω, thereby yielding the relations:
where the dimensionless parameters γ 1,2 have been introduced. Here γ 1,2 (≥ 0) are weakly dependent on the initial inverse temperature β [33] for given coupling constant g, and they
become vanishing in and only in the case when interactions are not included or when interaction energy are negligible compared to the thermal energy. Since the effects induced by interaction and fluctuations on thermodynamics for the system with given ω will be weaker in increasing temperature, the difference of degeneracy parameter nΛ 3 (and βω as well) between the initial and final states in the adiabatic process is decreased with decreasing inverse temperature (in the extreme case when the temperature is high enough, the interaction energy compared to the thermal energy and fluctuations above transition point can be negligible and the change in nΛ 3 along the adiabatic process becomes vanishing), namely, γ 1 ≤ γ 2 . From Eqs. (3) and (6), we obtain by introducing ∆ 1 ≡ γ 1 f (β C , ω c , g) and
and
As the function f is exponentially decreasing with β, there should be a relation as follows
[34]:
in which equality holds only provided the interaction is negligible or inverse temperature is much smaller than the critical value β crit . Since we treat a weakly interacting Bose gas in which the gas parameter an 1/3 ≪ 1, we write the expectation value of system Hamiltonian as Ĥ = ωf (βω, g) via the function f in which the dimensionless parameters βω and g enters.
While no work is done along the isochoric processes, the heats exchanged with the hot and cold reservoirs along the first and third strokes are
The total work per cycle, which is produced only along the two adiabatic strokes, W = W BC + W DA = Q h + Q c , is given by
The efficiency, η = W / Q h , then follows as
which takes the form of
by introducing
Equation (13) shows that ∆ must be a very small nonnegative value and 0 ≤ ∆ < 1 for the interacting system around phase transition point. This correction parameter ∆ is equal to zero in and only in the two cases: (1) in the noninteracting system, where the interaction g = 0 causes ∆ 1 and ∆ 2 to be vanishing, and (2) when the temperature is much higher than the critical point and the interaction compared to the thermal energy can be totally neglected, leading to the well-known formula of efficiency η = 1 − ω c /ω h [17, 29] for the Otto engine without phase transition or interaction between particles. However, whether ∆ = 0 or ∆ > 0, the efficiency η must be bounded from above by the Carnot efficiency η C = 1 − β h /β c , namely, η ≤ η C , since the average entropy production per cycle
(Q h β h +Q c β c )dT ≥ 0 due to the second law of thermodynamics.
We now consider the extreme case when the efficiency approaches the Carnot value. This limit η → η C , together with Eq. (12), leads to
In deriving Eq. (15) 
βω=βcωc is the average specific heat per particle at constant volume ω for the system. Finite size scaling predicts that the value of the specific heat at the critical point scales asC ω (N) = ω 2 /(βN)∂F /∂(βω) ∼ N α/dν , with the Helmholtz free energy F . The specific heat saturates in the thermodynamic limit for α < 0, in which case the specific heat has a finite cusp at the transition point, rather than a divergence for α > 0. These two critical exponents α and ν, for which α can be any value but ν must be positive, characterize the scaling form of singular part of the free energy F . As Jensen's inequality [37] exp x ≥ exp x , the singularity of the free energy F will increase the free energy difference ∆F BC and ∆F DA , thereby yielding an increase in the average work W in a single cycle. That is, the increase in free energy difference due to singularity within continuous phase transition leads to an increase in work output, and thus boost the performance of the cyclic heat engine.
Because the thermally isolated stages of the cycle are very quick compared to the time taken for completing the isochores, in which the system is relaxing to the equilibrium state, the cycle time is essentially dependent on the scenario of relaxation. That is, for a heat engine working with a N−particle system near the critical region, its cycle time T is dominated by the thermalization time scaling as T ∼ N z/d [38] , where z and d are the dynamical critical exponent and dimensionality, respectively. It then follows, using Eq. (16), that the power output, P = W /T , satisfies the scaled form
The physical interpretation of Eq. (17) substantially differs from that of Eq. (2) appearing in Ref. [26] , since ∆ is quite different from ∆η. The relation (17) is obtained by using the condition that the maximum efficiency has approached the Carnot value [c.f. Eq. (14)].
This shows that the power P at the attaintment of the Carnot efficiency can be finite at very small values of ∆ as long as N 1+(α−zν)/dν is finite. Because d, ν > 0 and N is finite, α −zν ≤ 0. That is, the interacting systems with α −zν ≤ 0, like those of α −zν > 0, can be used as the working substance to realize that the efficiency asymptotically tends to be the Carnot value without giving up power per resource. In the thermodynamic limit inclusion of any finite interaction always yields change in the universality class of the phase transition.
Specifically, the weakly interacting gas pertains to the universality class in XY model [39] , while the ideal system belongs to the universality class in Gaussian complex-field model [40] . The critical exponents for the weakly interacting Bose gas used are known, α = −0.01, ν = 0.67 [40, 41] , and z = 1.5 [42] , thereby confirming that the heat engine can approach the Carnot efficiency at nonvanishing power even for the case when α − zν < 0.
III. DISCUSSIONS AND CONCLUSIONS
The present work accounts the first time for the effects of both criticality and interaction on efficiency and power. Here we make two remarks. These quantum heat engines with continuous phase transitions are not restricted to the linear response regime, where the inverse temperature gradient (∆β r = β r c − β r h ) is small. The case of improved performances is interpreted as being attributed by the singularity of free energies existing around the phase transition region rather than increased (average) specific heat. We note that this explanation may be physically understood in a broader context, since the singularity of free energy only means specific heat singularity, in which case the specific exponent α can be negative. As emphasized, the singularities of free energies at a phase transition result into work output cycle and thus significantly boost the performance of these quantum heat engines.
We emphasize that, in the Boltzmann regime the mean-field interaction energy is much smaller than T , and thus the influence induced by quantum statistics and interactions on thermodynamics can be negligible. The internal energy of the system in this regime can be written as the sum of kinetic energy 3/2NT and the potential energy [43] , E = (3/2+λ)NT , where λ ≡ (T /V e )∂V e /∂T , with the effective volume V e ≡ N/n. The controlled parameter λ depends on the shape of the trap and is always a constant for a given trap (e.g., λ = 0, 3/2, 3 for a cubic box, a harmonic trap, and a spherical quadrupole, respectively). Since the entropy of the system can be expressed in terms of λ and nΛ 3 [32] , S/N = 5/2 + λ − ln(nΛ 3 ), which means S = S(βω, λ), an adiabatic process with constant entropy S and constant particle number N can be realized by adiabatically changing both the degeneracy parameter nΛ can approach the Carnot efficiency at positive power via adiabatically changing the shape of the trap along each cycle. Although no phase transition occurs along the cycle, the change in the controlled parameter γ (related to the potential energy) yields another possibility to observe discontinuity (singularity) of free energy and to boost the performance of the heat engine.
In summary, we have investigate the performance of quantum Otto engines working with dilute Bose gases at the verge of phase transition (which belongs to XY model), with consideration of the interaction strength parameter entering the system Hamiltonian. Not only is Carnot efficiency at finite power observed for the cases of α − zν > 0, where α, ν and z are specific heat, correlation length, and dynamical exponents, respectively, but the conditions of α − zν ≤ 0 may enable the attainment of Carnot value at nonvanishing power.
This novel behavior can be explained by the fact that the singularities of free energy at the phase transition point lead to considerable enhancement of work done per cycle, thereby significantly boosting the performances of these heat engines.
